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Abstract 

Under certain restrictions on pair-potentials it is proved that the eigenvalues in the three-particle 
system are absorbed at zero energy threshold if there is no negative energy bound states and zero 
energy resonances in particle pairs. 



*0n leave from: Institute of Physics, St. Petersburg State University, Ulyanovskaya 1, 198504 Russia 



1 



I. INTRODUCTION 



We consider the A^-particle Schrodinger operator 

HiX) = Ho-X Yl ^^M-r,), (1) 

l<i<j<Ar 

where A > is a couphng constant, Hq is a kinetic energy operator with the center of 
mass removed, G are particle poaition vectors, the pair potentials are real (further 
restrictions on the potentials would be given later). Suppose that for A in the vicinity of 
some Acr < oo there is a bound state ^/'(A) G D{Ho) with the energy E{X) < inf aess{H{X)) 
and E{\) mi (Jess{H{\cr)) when A — )• Ac,-. The question whether E{Xcr) G (Tpp{H{\cr)) 



was considered in various contexts in 1 



6i| (the list of references is by far incomplete). 



In m. Theorem 3.3, it was claimed that if Vij G C^(M3), Vij > 0, and none of the 



subsystems has negative energy bound states or zero energy resonances, then there exists 
il^{\nr) G D{H) = D{Ho),ilj{Xcr) 7^ such that H{Xcr)4'{\cr) = 0. Unfortunately, the proof 
in [7 1 contains a mistake. In Eq. 53 of the mixed term containing first order derivatives 



is erroneously omitted, which makes the results of Ref. 35 in j?] concerning the fall off of 
the wave function inapplicable. And it is not immediately clear how the arising hurdle can 
be overcome. Here we prove the result stated by Karner for = 3 with a different method 
and for a larger class of potentials (Theorem [2] of this paper). In the next publication 8| we 
demonstrate that the condition on the absence of zero energy resonances in particle pairs is 
essential, i.e. under certain conditions appearance of a zero energy resonance in one of the 
two-body subsystems makes the statement false. 

Note, that the 3-body case differs essentially from the 2-body case, where under similar 
restrictions on pair potentials the zero-energy ground state can never be a bound state 



m 



6j. The conclusion that a zero energy resonance in the three-body system is in fact a 
bound state is unexpected and has far reaching physical consequences, which concern the 
size of a system in its ground state (we ignore the particle statistics here). In the two-body 
case the size of the system in the ground state can be made infinite by tuning, for example, 
the coupling constant so that the bound state with negative energy approaches the zero 
energy threshold In the three body case the size of the system remains finite, given 
that in the course of tuning the coupling constants of two-body subsystems stay away from 
critical values, at which the two-body zero energy resonances appear. To underline the 
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connection with the size of the system we formulate the proofs in terms of spreading and 



non-spreading sequences of bound states. The result has applications in the physics of halo 



nuclei [9|, molecular physics [1C| and Efimov states 

The paper is organized as follows. In Sec. HIl we use the ideas of Zhislin 12| to set up 
the framework for the analysis of eigenvalue absorption in connection with the spreading 
of sequences of wave functions. Here we prefer to maintain generality and do not restrict 
ourselves to = 3. In Sec. IIIII we consider the 3-body case and employ the equations of 
Faddeev type to prove Theorem [21 which is the main result of the paper. 



II. SPREADING AND BOUND STATES AT THRESHOLD 

^ n 

The main result of this section (Theorem [1]) appears implicitly in [12|, where Zhislin 
considers minimizing sequences of the energy functional in Sobolev spaces. For our purposes 
it is more useful to consider sequences of eigenstates and use an approach in the spirit of j^. 

Consider the A^-particle Hamiltonian, which depends on a parameter 

H{X) = Ho + V{X), (2) 
ViX)= Yl ^^.(A;r.-r,), (3) 

l<j<j<Af 

where Hq is the kinetic energy operator with the center of mass removed, Vij are pair 
potentials and rj G are position vectors. For the parameter A we assume that A G M 
(this is done for clarity, in fact, A can take values in a topological space). We impose the 
following set of restrictions. 

Rl H{X) is defined for an infinite sequence of parameter values Ai, A2, . . . and X^r, 
where lim^^oo An = Xcr- 

R2 \Vij{X; y)\ < F{y) for all A defined in Rl, where Vij, F G L'^{R^) + L^{R^). 

R3 V/gCo-(M3^-3). lim^^_^m[v{Xn)-V{X,r)]f\\=0. 

The symbol denotes bounded Borel functions going to zero at infinity. By R2 H{X) is 
self-adjoint on D{Ho) Q- 

The bottom of the essential spectrum is denoted as 

EthrW ■.= mia,UH{X)). (4) 



The set of requirements on the system continues as follows 

R4 for all A„ there is E(A„) G ffi,V^(A„) G D{Hq) such that i/(A„)^(A„) = 
E(A„)^(A„), where ||V'(An)|| = 1 and -E(A„) < Ethr{K)- 

R5 limA„->Aer ^(-^n) = limA„_>A,, ^t/ir(An) = EthriKr) ■ 

The requirements R4-5 say that for each n the system has a level below the continuum 
and for A„ — )■ Acr the energy of this level approaches the bottom of the continuous spectrum. 

In the proofs we shall use the term "spreading sequence", which is due to Zhislin 
[l^ . The sequence of functions fn{x) G L^(]R'^) spreads if there is a > such that 
limsup„_>.oo ||X{2.i|2.'|>_R}/n|| > o for all _R > 0. (the notation always means the characteris- 
tic function of the set Q). The sequence /„ is totally spreading if lim„_^oo ||X{x||x|<_R}/n|| = 
for all R>Q. 

Lemma 1. Let H{X) be a Hamiltonian satisfying Rl-5. Then 

sup \\HQll){\n)\\ < oo. (5) 



Proof. The statement represents a well-known fact, see e. g. [12|] but for completeness we 
give the proof right here. The Shrodinger equation Hoip{\n) = —V{Xn)4'{\n) + E{\n)ip{Xn) 
gives the bound \\Ho^{X.a)\\ < ||y(A„)?/'(A„)|| + 0(1). By R2 \Vij\ < Fij, where for a shorter 
notation we denote Fij := F{xi — Xj). Using that Fij is bounded [l^ with a relative 
bound we obtain 



imAn)^(A„)|| = \\J2V^A^n,Xi-X,)^{Xn)\\ < \\F,^^iXn)\\ < (6) 



i<j 



a\\Ho^l^iXrr)\\ + b < a||l^(A„)^(A„)l| + 0(1), (7) 

where a,b > are constants and a can be chosen as small as pleased. Setting a = 1/2 and 
dividing (I6l)-(j71) by || V(Ari)'?/'(A„)|| we find that ||V^(A„)'?/'(A„)||, respectively ||ifoV'(An)|| must 
be uniformly bounded. □ 

The following theorem illustrates the connection between non-spreading and bound states 
at threshold. 
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Theorem 1 (Zhislin). Let H{X) satisfy Rl-5. If the sequence ip{Xn) does not totally spread 
then H{Xcr) has a bound state at threshold ipcr G D{Hq), that is 

H{\cr)lpcr = Ethr{Xcr)'4'cr, (8) 



For the proof we need a couple of technical Lemmas. 

Lemma 2. Suppose fn E D{Hq) is such that sup„ ||-ffo/n|| < oo and fn A /o- Then (a) 
fo G D{Hq); (h) for any operator A, which is relatively Hq compact \\A{fn — fo)\\ — ^ 0. 

Proof. First, let us prove that the sequence -ffo/n is weakly convergent. A proof is by 
contradiction. Suppose -ffo/n has two weak limit points, i.e. there exist Z^, , which are 
subsequences of fn and for which Hof'^ ^ (pi and Hofj! 02, where 0i,2 G L'^ and 0i ^ 02. 
On one hand, because 0i ^ 02 and D{Hq) is dense in there is (? G D{Hq) such that 
(01 — 02, g) 7^ 0. On the other hand, using that /(, ^ /o and /(' ^ fo we get 

(01 - 02, = hm [{Hoifl - f'>:),9)] = lim [{Ul ' fk),Hog)] = 0, (9) 

a contradiction. Hence, i^o/n G, where G G L^. V/ G D{Hq) by self-adjointness of //q 
we obtain {H^fjo) = lim„^oo(-f^o/, /«) = {f,G). Thus /o G -D(i^o) and G = i^o/o, which 
proves (a). To prove (b) note that {Hq + !)(/„ — fo) — > 0. Using that compact operators 
acting on weakly convergent sequences make them converge in norm we get 

A{fn - fo) = A{Ho + l)-\Ho + !)(/„ - fo) ^ 0, (10) 

since A{Ho + 1)^^ is compact by condition of the lemma. □ 

Lemma 3. Suppose fn G D{Ho) is such that sup„ ||iJo/n|| < oo and fn — > fo- Then (a) if 
fn does not spread then fn — )■ fo in norm; (h) if fn does not totally spread then fo 7^ 0. 

Proof. Let us start with (a). Because /„ does not spread it is enough to show that 
II Y{T||T|<B}(.fr ? ~ /n) ll — ^ for all R in norm. And this is true because X{x\\x\<b} is relatively 
Ho compact IJ, ll5|| and Lemma [2] applies. To prove (b) let us assume by contradiction that 
/„ -H- 0. Using the same arguments we get that ||x{a:||a:|<i?,}/n|| — ^ for all R. But this would 
mean that /„ totally spreads contrary to the condition of the Lemma. □ 
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Proof of TheoremUl Because ipi^n) does not totally spread there are a,R > and a subse- 
quence Afe such that ||X{x||x|<_R}^(Afe) || > a. From this subsequence by the Banach-Alaoglu 
theorem we choose a weakly convergent sub/subsequence (for which we keep the notation 
^{\k)) such that -ipi^Xk) -> ^cr, where -ipcr ^ D(Hq) by Lemma [2J The sub/subsequence 
ip{\k) does not totally spread and is weakly convergent, hence, by Lemma [2]^b) ipcr 7^ 0. For 
any / G we have 

([H{K,) - EtU^,r)]f,^cr) = lim ([H{X„) - ^i,.(A„)]/, V^(AO) = (H) 
lim ([H{X^) - {V{Xn) - V{X,r)) - EtU>^^)]f,tP{Xn)) = (12) 

^ lim I [E{Xn) - EtHriXn)] (/, V^(A„)) " ([V (Xn) " V{X,r)]f, H^n)) } = 0, (13) 

where in the last equation we have used R3,5. Summarizing, for all / G we have 

{[H{X,r) - Ethr{Xcr)]f,i^cr) = (/, [^^(Aer.) " Ethr{Xcr)]i^cr) = 0, (14) 

meaning that ([8]) holds. □ 

The following Lemmas will be needed in the next Section. 

Lemma 4. A uniformly norm-bounded sequence of functions fn G L^(]R"), where every 
weakly converging subsequence converges also in norm, does not spread. 

Proof. By contradiction, let us assume that /„ spreads. Then it is possible to extract a 
subsequence Qk = fuk with the property ||X{x||x|>fc}fi'fc|| > where a > is a constant. On 
one hand, it is easy to see that Qk with this property has no subsequences that converge in 
norm. On the other hand, by the Banach-Alaoglu theorem must have at least one weakly 
converging subsequence, which is norm-convergent by condition of the lemma. □ 

Lemma 5. Suppose g G C(M^^~^) has the property that \g\ < 1 and g = if\ri — rj\ < 6\x\, 
where 6 is a constant. Then the operator gF{ri — rj) is relatively Ho compact. 

Proof. It suffices to consider the case F G L^(R'^) (the case F G L^(]R^) trivially follows 
from Lemma 7.11 in [3]). For A; = 1, 2, ... we can write 

gFij{Ho + 1)"-^ = X{x\ \n-rj\<k}gFij{HQ + 1)""^ + X{x\ \n-rj\>k}gFij{Ho + 1)"\ (15) 

The first operator on the rhs is compact (Lemma 7.11 in [3]). We need to show that the 
second one goes to zero in norm when /c — )■ oo (in this case the operator on the Ihs is compact 
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as a norm-limit of compact operators). The following integral estimate of the square of its 
norm is trivial 

Because F G L^(M^) the rhs goes to zero as A; — t- oo. □ 



III. THE CASE OF THREE PARTICLES 

We apply the framework of Sec. [TTl to the system of three particles with non-positive 
potentials. The case > 3 and potentials taking both signs would be considered elsewhere, 
i^'or simplicity we take the parameter A > as a coupling constant of the interaction (see 



H{X) = Ho- XV, (17) 

V= J2 ^.(^^-^.)- (18) 

i<«<i<3 

We shall need the following additional requirements 

R6 Vij > and XVij{y) < F{y), where F G L^{R^) f] L^{M.^) and A takes values as 
defined in Rl. 

R7 There exists e > such that Hq — (A + e)Vij > for all A defined in Rl and all 
pair potentials Vij. 

Requirement R7 means that the two-particle subsystems have no bound states with negative 
energy and no resonances at zero energy. This results in Ethr{X) = 0. Our aim is to prove 



Theorem 2. Suppose H{X) defined in lll)- [W\) satisfies Rl, R4-7. Then for n oo the 



sequence ipn does not spread and there exists a hound state at threshold ipcr ^ D[Hq) such 

that H{Xcr)'ipcr = 0. 

We shall defer the proof, which boils down to the construction of Faddeev equations 



16|, see also [l7|, [l8|, to the end of the section. Let us introduce an analytic operator 



function Bij{z) for each pair of particles (ij). We shall construct B12 and the other two 



operators are constructed similarly. We use Jacobi coordinates [19| x = [y/2jl^/ h] (r2 — ri 
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and y = [V2Mi2/^](r3 - mi/(mi + m2)ri -m2/(mi +m2)r2), where //jj = mimj/{mi + mj) 
and Mjj = {■mi+'mj)'mi/ {mi+rrij+mi) are reduced masses (the indices I are all different). 
These coordinates make the kinetic energy operator take the form 

Ho = -A, - A,. (19) 

Let J-'i2 denote the partial Fourier transform in L^(R^) acting as follows 

f{x,py) = J'ufix^y) = J d'y e-'^yyf{x,y). (20) 

Then .612(2;) is defined through 

Bi2{z) = l + Z + J^ut{py)J^i2, (21) 

where 

t{Py) = {\J\Py\ - |p.|<i}- (22) 



Similarly, using other Jacobi coordinates one defines Bij{z) and J-ij{z) for all particle pairs. 
Note that Bij{z) and B~j^{z) are analytic on Re 2; > 0. 

Lemma 6. The operator function in L^(M^) 

A,{z) = {Ho + z')-^V^/'B,,{z) (23) 
is uniformly hounded for z e (0, 1], and strongly continuous for z — >■ +0. 

Proof. We take the case when [ij) = (12), other indices arc treated similarly. Instead of 
Ai2{z) we consider ^-"12^12(^)^12^- We take z e (0, 1) and split the operator 

J^i2Ai2{z)J'u = Ki{^) + M^). (24) 

where 

K,{z) = {-A,+pI + z')-%fiax)[t{py) + 1], (25) 

K2{z) = (-A, +pI + z')-^Vlt{ax)z (26) 

are integral operators acting on 4>{x,py) G L^{MP) as 

^i(^)'^ = i / d'^'^^^^^^ViTMtiPv) + m^',Py), (27) 

K2{z)<P = — / dV— Vl^\ax')<p{x',py). (28) 

47r J \x — x'\ 



The numerical coefficient a depends on masses a := h/y/2jli2. Applying the Cauchy-Shwarz 
inequahty we get 

^-2\py\\x-x'\ 



— [t{py) + lYVi2{ax')x / d'x'\<p{x',py) 



-,—2z\x—x' 



—Vuiax') X / d^x'\(f){x',py) 



where we have used z G (0, 1]. Integrating ( l29l) and ( l30l) over x leads to 



d^x\Ki{z)(t)\ < cc'c" 
d^x\K2(zU\^ < cc' 



d x'\(f){x' ,Py)\ 
d^x'\(t>{x' ,py)\'^ 



where c, c', c" are the following finite constants 



d^x%2{ax') 



d-^x- 



-2\x\ 



\X\ 



C" = sup [t{Py) + lf/\p 



y\- 



(29) 
(30) 

(31) 
(32) 

(33) 

(34) 
(35) 



Integrating (pTi) - (15^ over Py gives that Ki 2{z) is uniformly norm-bounded for z G (0, 1]. 
The strong continuity for 2; — > +0 follows from (l27|l - (l28|l by the dominated convergence 
theorem. □ 

It is convenient to introduce the notation 

Cr,;M = Vl^\H, + z')-Wli\ (36) 

We shall need the following 

Lemma 7. Suppose Rl, R4-7 are satisfied and k'^ := —E{Xn). Then the operators 

T^iji^n) = [1 ~ ^nCij;ij{kn)] (37) 

are uniformly bounded for all n and converge in norm when n — )■ oo. 

Proof. The operators Cij-ij{z) are uniformly bounded for ^ > and converge in norm 
Cij-ij{z) — )■ Cij-ij{0) for 2; —7- +0 (this follows from writing out the kernel J^ijCij-ij{kn)J^^^ 
explicitly, like in the proof of Lemma El and checking that \\Cij-ij{z) — Cij-ij{0)\\ — t- 0). From 
R7 and Birman-Schwinger principle [l|, 1^ \\^nCij-ij{k'^)\\ < 1 — e, where £ > is a constant. 
From expanding (137]) in von Neumann series it follows that 7^jj(A„) converges in norm. □ 



Lemma 8. For (ik) ^ {jin) the operator function B^j^[z)Cik;jm{z) is uniformly norm- 
bounded for z e (0, 1] and strongly continuous for z — > +0. 

Proof. We focus on {^)^i2;23{z) , the other indices are treated similarly. Let us show that 
J^i2B^2 {z)Ci2;23{z)Ti2^ is Uniformly bounded for z e (0, 1]. 



(38) 



where 



z + 1 



-J=A2C 



12>-'12;23 



K2{Z) = T^2{b^2{z) - ^)Cl2;23(-2)-Fr2'- 



(39) 

(40) 



Ci2;23(-z) is uniformly bounded for z e (0,1]. Indeed, Ci2;23(-z) is a product of vII^{Hq + 

Z2)-V2 and {E^ Z''Y^I^VII\ which gives ||Ci2;23(^)|| < ||Cl2;12(^)ir/'||C23;23(^)ir/' < 

||Ci2;i2(0)||^/^||C23;23(0)||^/^, where each norm is bounded by the Birman-Schwinger principle. 
Thus K\{^z^ is uniformly norm-bounded for z G (0, 1]. 

Below we prove that the Hilbert-Schmidt norm of K^i^z^ is bounded for z G (0, 1]. Let us 
first consider the Fourier transformed interaction term J-yiV^^T^^ ■ Jacobi coordinates 
the interaction term has the form V^i^ — V2l^{^x + 7y), where ^ and 7 7^ are real 
constants depending on masses /3 = —m2h/{{mi + 777.2) -\/2mi2) and 7 = h/\/2Mi2- The 
Fourier transformed operator acts on (f){x,py) as 



Ti2v^r^r2<i> = 



(27r)3/2^3 

where V^^^ G L^(R3) jg a Fourier transform of Ig!/^ G L^(]R3). For the kernel of K2{z) we 
get 



K2{X,Py-x',p'y^ 



27/2^^5/2^3 



Z+l+t{Py) Z+1 



Vu'^iax) 



^ exp <^i--x' • (Py-p'y) \V2i {{Py-p'y)h)- 



\x — x'\ 7 
For the square of the Hilbert-Schmidt norm we obtain 

1 



(42) 
(43) 



\K2iz)\\l- 



— ccc / 



(44) 
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where c, c' are defined in (133|) - (1M|) and 

c=-J d'p'y\V^\p'Jj)\' (45) 

is finite because ^23'^^ G L^. Estimating the integral in f H^ we finally obtain 

11^2(2)112 < ^cc'c /" c/V4 = ^cc'c. (46) 

II 21 ^112-27^5 ^i^^i^^ ^?/p2 V ^ 

The strong continuity of K2{z) for z — )■ +0 follows from the explicit form of the kernel in 

I2|) - (H3!) . The strong continuity of Ki{z) is proved similarly. □ 



Remark. Though the operator sequence in Lemma [6]is, in fact, norm-continuous for z — +0, 
the operator sequence in Lemma [8] is not. To keep the same pattern of proof we prefer to 
stick to the strong continuity in both cases. 

Lemma 9. Suppose H{\) defined in [F^-fT^) satisfies Rl, R4-7. If ipk is a weakly conver- 



1/2 

gent subsequence ofipn, then ipk converges in norm. 



Proof. We use the functions of the IMS decomposition 15|, l20[, which for s = 1, 2, 3 satisfy 
Js E C^(R^^-^), Js > 0, J2s -Js = 1 and J,(Ax) = J,(x) for A > 1 and |x| = 1. Given these 
properties of Jg there exists C > [is], Q such that for i ^ s 

supp Js n {a;||x| > 1} C {x\ \ri - r^l > C\x\}. (47) 

By the IMS formula Q, Q the Hamiltonian H{X) can be decomposed as 

3 

= Yl JsHs{X)Js + K{X), (48) 

where 

Hs{X) = Ho-XVim, {l^s,m^s) (49) 
3 3 
K{X) = -X J^iVis + VmsW + Yl 1^"^-!' {l^s,m^s,l^m). (50) 

s=l s=l 

By condition of the lemma ipk '4'cr, where tpcr G D{Hq) by Lemma [2l We shall prove 
the lemma in three steps given through equations 

(a) lim ( (V^fc - Vcr),^(Afc)(^/'fc - ^cr) ) = (51) 

fc— )-oo V / 

(6) lim ({iPk - ^cr), H{Xk){'ipk - = (52) 

fc— >-oo V / 

(c) hm ( {ipk --ipcr), Vij (ipk-'ipcr)) =0. (53) 

k—>-oo \ / 
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From (c) the statement of the lemma clearly follows. Let us start with (a). From R6 we 
have 

\{f,K{X)f)\ < U\Kf) (V/ G D{H,)), (54) 
where the operator K is defined through 

3 3 

k = \ J2{Fis + Fms)\Js\^ + ^ I VJ/ {l^s,my^s,l^m). (55) 

s=l s=l 

The first sum in is relatively Hq compact by Lemma El and the second sum is relatively 



20|). Thus K is relatively Hq compact and 



Ho compact because IVJ^I^ G L~(R^^-^) (see 

((V'fc - '^cr),K{^k - ^cr)) ^ (56) 

follows from Lemma [2l This proves (a). Rewriting the expression in (b) we obtain 

{{i^k - i^cr),H{Xk) {tpk - 'ipcr)) = E{Xk){{iJk - i^cr),'ipk)- (57) 
{{i'k - i'cr), H{Xcr)lpcr) " [Afc - \cr] {{i'k " i'cr), V^V^cr), (58) 

where we have used H{Xk) = H{Xcr) + [Xk — Xcr]V. All terms on the rhs of fl571) - fl58l) go to 
zero because E(Xk) and ipk ''Per- It remains to be shown that (c) is true. 

3 

lim ( (V'fc - Ipcr), Viji^Jk - V'cr) ) = hm ({ipk - V'cr), JsVijJ,{lpk - V'cr) ) (59) 

fc— >oo \ / ' fc— >-oo V / 

s=l 

= lim ({ipk - V'cr), JiVijJiiipk - ^cr) ) [l^i^ j), (60) 

where we have used that JiVij and JjVij are relatively Hq compact by Lemma [5] and the 
corresponding scalar products vanish by Lemma O 
From (a), (b) and fl48p we obtain 

{{ll^k - ^cr), JlHi{Xu)Jl{lPk - ^cr)) ^ (V/). (61) 

Together with R7 this gives us 

lim {{i)k - i'cr), JlVijJliiJk - i^cr)) =0 {I T^i 7^ j) ■ (62) 

Finally, comparing ( l62ll and (I59l) -(l60l) we conclude that (c) holds. □ 
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Proof of Theorem [3 It is enough to show that any weakly converging subsequence of 
converges in norm. Indeed, in this case by Lemma H] ipn does not spread and thus by 
Theorem [T] there must exist a bound state at threshold. In order not to overload the notation 
with additional subscripts we keep the same notation for a weakly converging subsequence, 
that is we assume ipn i^cr and we must prove HV'n — V'crll — >■ 0. 
By Schrodinger equation for k"^ = —En > 

= K + klY'V.^^n = ^nY, Mkn) [B^^ {kn)V^'^ ^n] , (63) 

i<j i<j 

where Aij is defined in (123|1 . By Lemma [6] ipn converges in norm if the sequence 
B^j^{kn)Vlj^'^ipn does. The convergence of the latter we prove below. From ( l63l) we ob- 
tain 

Kf^n = XnJ2C,,.Mknmll'^Pn\. (64) 

l<m 

Using fl371) we rewrite f l64|) 

Vl/^ijn = Xnn^,{kn) C.-UkuWiH^^n) ■ (65) 

l<m 
{lm)^iij) 

Now we act with B^j^(kn) on both parts of fl65l) and use that it commutes with lZij{kn) 

Bi/{kn)Vl/^tpn = XnTZ,,{k„) B^} {kn)C,,.,lm{kn){Vili^^n) ■ (66) 

l<m 

By Lemmas [7f8|9] the rhs converges in norm. □ 
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